
C. Homotopy and CW-complexes
Homotopygroups are very powerful, especially for CW- complexes

Recall if A is a topological space
f : I Sn

-'

→A a continuous map
IEI

then

✗ = A Uf¥±D^ ) = A±!¥=
where ✗ c- 2 (11-15) is identified with fix c-A

is said to be the result of attaching n-cells to A

D
"

⑤
a
→⑧ = ✗

a relative CW complex is a pair IX.A) s.t.
1) ✗ is a topological space
2) A is a closed subspace

and 3- a sequence of subspaces XY n= -1, 0,1, _ _ .

called the n - skeletal S.t.

3) ✗% A

41 X'" is obtained from *
_ "
by attaching

n -cells

5) ✗ = 8 × "
'
and

1=-1

6) BCX is closed⇔ Bnx
"closed



for all n

if there is an n such that ✗= ✗
^

then ✗ is

n - dimensional
,
otherwise ✗ is o -dimensional

a CW complex is a space
✗ s± IX.∅) is a

relative CWpair

Remark : If ✗ has a finite number of cells we don't

need 6)
.

6) is the W in CW complex, it means use

the
"weak

"

topology on X

H ✗ is a CW complex a sub complex ACX is a
closed subset that is a union of cells in ✗

*A) is called a CW pair

exercise : it #A) a CW pair then
✗
G- is

a CW complex

examples : y a l-dimensional CW complex is a graph
2) Surfaces are CW complexes

exercise : show this

as are all manifolds

3) if X
,
Y are CW complexes then so is ✗✗Y
exercise : work out the CW structure



a map f- : ✗→ Y between CW complexes is cellular
if f-( x") C Y" for all n

Cellular Approximation That :
If f : ✗→ Y is a continuous map between CW complexes
and f- is cellular on A CX a sub CW complex

then f is homotopic , rel A, to a mapg. ✗→Y S.t.

g is cellular

You can find a proof in many books, e.g. Hatcher .
we can now compute some homotopy groups

Ysl5) = 0 for Ken

Proof : given f- :(s ? so) → (5.x) ( so, ✗◦ the o-skeleta)

can bono top (fixing image of so) to a map9
such that g(4) c(k - skeleton of 5)=/xD
i. g constant☒f

We compute Tn 157 later

what about This
" ) for k > n ?

this is very hard
ingeneral !

example : Tis 157=10
to see this let f: 53→ 52 be

the Hopf map



recall : 53 CE
'

unit sphere
s
'
ce unit sphere act on 53

% = complex lines in 62

= EP
'

≈ S2
t
exercise

f : S3→% ,
= 5 is the

quotient map
also GP2= Ep

'

of B4
← exercise

1.e. attach 4-cell to S2

if f- ≈0 then er= 5 v5'

easy to see [5] c- -114SYS ")

has [5) v15] = (o ] c-H
"
(sirs 4)

but Poincaré duality says
(5) c- IF I EPT has

[5] v25] -1-0 in H Yep 2)

i. f =/ 0 and Ifs4=10

later we will see Tfl5) I#

lemma 19 :

✗ a CWcomplex then the inclusion map i:X"↳k

induces an isomorphism
1
*
: ×")→ THX ) for k < n

and a surjection
1
*
: Tlnlx

'")→ Tin A)



Proof : i* is surjective for k ≤ n by argument
above (about Tin (5) = 0 for Kan )

now it hen we show injective
given fi.sk→✗ andg : sʰ→ ✗ in tnlx)
we can assume their image is in ✗④ from above

if (f) = [g) in TWX) then they are homo topic
by H : skx [on]→ ✗ 1fixing so )

5h✗ [on] has a CWstructure of drink + 1

by the Cellular Approximation Th
'
we can

homotop H, staying fixed on Sk✗ {on} and
on {so } ✗ (on] to 6 : skx [◦ , I]→ ✗

'K''{ ✗G)

so [ f) = [g ] in th (XM
))
☒=

lemma 20 :

If IX. A) a relative CW complexand
A- is contractible them Ha ≈ ✗

we prove this later but now we see some

consequences

call a space ✗ k
- connected if

He 1×1--0 He ≤ k



Thʰ 21 :

If ✗ is a k- connected CW complex then
✗ ≈ ×

'

where ✗
'

is a CW complex

containing a single vertex and
no cells of dimension 1 through k

Proof : let eo be a vertex of ✗

Since ✗ is 0- connected it contains paths
✗
, . . . ✗n :[ 0.1] → × connecting %

to the other vertices e, . . - en

by cellular approximation we can
assume 9;

: [o
,
i ] → ×

" '

for each i we canglue a 2-disk Di
to ✗ as follows :

D:
•⑨

×
I [oil]

let Xi be the resulting space
note : ✗i a CW complex

you get ✗i by adding



the 1- cell

iii.

•④Ñ
✗

then the 2- cell

e }. =D} along ✗zu e
'

i

clearly Xi ≈ ✗ since we can deformation
retract ✗ ,

to ✗

↓
note : U éi is a contractible subcomplex

of Xi

so it we set X
,
=

×:/
we }.

lemma 20 says ✗
,
= ✗I = X

and X
,
is a CW complex with

one vertex

Now assume ✗ ≈ I where I a CW complex
with one vertex and no cells of din 1

, . . . ,
l

for lek

we want to find I ' st. I
'

≈ ✗ and no

cells of dim 1
, . . . ,
l+ I



each let cell e
" '

is attached by a map
2 ee" f→ ×

"'
= { e.

◦
} that is constant

SO elt ' gives an element of tee , (E) = 0

so I a disk ✗ : Dl"→Ñ such that

✗ (215+2) = eet ' and we can

assume ✗ (Det) c Ice
+21 (cellular)approx

nowglue De
"
to I by

ñ

EYE

to get Ñ note I has a new ¢+21 cell e

and a new 6+3) cell é

"☒←
e

e
now as above Det

}
can be contracted to Dl

"

so I ≈ I



e is a contractible subcomplex d- I
so I

'

=
I/e = I = I

and I has one less @TD cell

than I

continuing we can get $
'

with no 6+11 cells
.☒+

Corollary 22 :

If ✗ is a (W- complex and Tia -0 fi
then ✗ is contractible !

Proof : it ✗ a finite dimensional complex
then Thʰ 21 says it is ≈ {pt}

if ✗ is infinite dimensional then ✗ having
weak topology allows us to conclude

something ☒

Corollary 23 :

if ✗ is an n- connected CW- complex recall

then ÑnN = O f k ≤ n En is
reduced

2.e.tn/x1--oV-k ≤n ⇒ ftp.CXI-OV-k≤ a homology
= Hh for kzo

Proof : use Cellular homology
H
◦
= EEE

recall the chain groups are



↳ ( X) = free abelian groupgenerated
by k - cells

= ⊕ 2-

# k- cells

so if ✗ is n- connected
,
Thʰ 21

says

✗≈Ñ with £" = {%}

so CKCÑ = O Fk =L
, .

-

,
n

Cock)=Z so Holi = 2- but

HTCXT = 0

:
. Hk(F) = O tf k= } - - - in too ☒-

Th ☐ 24 :

If IX. A) a CW pair and talkA) =0th

then ✗ deformation retracts to A

t.ee
. ✗ ≈ A)

Proof : just like proof of 21 and 22

exercise : give proof EH



Tha25 (Whiteheads' Theorem ) :

if ✗
,
Y are CW complex with base points

✗
◦
CX
"
and yo c- Y

" with Y connected
,
and

f- :( ×
, xD → (Y, yd is a map such that

f-
*
: THX, ✗I→ Talky) is isom.tk

then f- : ✗→ Y is a homotopy equivalence

Remarks :
1) f- satisfying the hypothesis is called

a weak homotopy equivalence
so thm says :

"for CW completes a weak
htpy equiv is a htpy equiv.

"

2) Two spaces can have isomorphic % Fn

and not be homotopy equivalent . You
really need a mop between the spaces
to induce the isomorphism .

for example, let ✗= IRF✗ 5s and 4--5✗ MP
from Alg Top I we know Ttx ) = 2-GET IY)
and since 5×53 covers both X and Y



lemma 18 says

Tin 1×1=-17,15×53) I II. (Y) th ≥ 2

but X and Yare not weakly htpy equiv
since Hgfx ) = 0 since ✗ is notOrient.

and Hs (Y)EZ since Y is Orient
.

Proof : given f : ✗→ Y we can make it cellular

and consider the mapping cylinder
↳ = ☒ G- D) ° %

,, - fix

Y
exercise : Cf has a CW structure

where ✗ ✗ { I} is a subcomplex

recall Cf ≈ Y infact g :c, → y
:# HH

y ↳ Y
↓ inclusion

is the homotopy inverse of i:# Cf
let ii. ✗→ Cf : ✗→ IX. 1) be inclusion

✗ Cf
f-

°

↓j
Y

under homotopy equiv j , f= 1×
: . since f-* : Eiht →Tin (4) ≈ ta we also

have (4)* : E. 1×1 → E. (Cf ) E th

thus by the long exact sequence in Iem 17



Th (X) Tinkf)→ In Ccf,X)→ E.+1×1 In
_,
/4)

"

◦

i. Tha 24 ⇒ Cf deformation retracts to ✗
1.e. G- ≈✗ .

: ✗=Cf = Y☒-
Recall for all these results we need lemma 20

to prove lemma 20 we need a technical lemma

lemma 26 ( Homotopy Extension Theorem)
-

given • a relative CW pair (×,A)

• a map f
: ✗→ Y and

• a homotopy H : A ✗ [on]→ Y of fla
then there is an extension of H to

6 : ✗ ✗ [0,1 ] → Y

such that 6 IX.f) = Hlx,t) tx c-A
,
T and

G lx, O) =f-(x)

exercise : Directly prove -14721 and 24 using Lemma 26
Proof : Mei post : for any dish D

"
there is a deformation

retraction of D
"

✗ {Oil] to D
"

✗ {o } u ZD
"

✗ {oil]

PI : let D
"

C IR
"
= IR

"

✗ {o} a IR
"" %

so D
"

✗ 10
. ☐ c 117

" " ¥r¥
let p = 10,0, . . , 0, 2)

given ✗ C- D
"

✗ {oil] let l
✗
= line through ✗ and p

and set IN = lxn ④
"

✗ {03 U 2D
"

✗ {on])
unique point !



clear it is a retraction (need to check continuous

and Ft = tf+C-t) Id
✗[◦, , ]

exercise)

is a deformation retraction,

now suppose X
-A is just one cell D

"

,
ZD
"

CA

note by hypothesis we have a map
ix. 0)↳ fix

It :(✗✗ {o })v(AxEo , D)→ Y :{(x#→ Hex.tl xea

of
now set G : ✗✗ [ on] → Y :{ Ith't) if ✗ c-B

Tt ◦Flat ) if ✗ C- ÑxEoi]

this is clearly an extension !

for a general X, we just do this cell by cell#
Proof of lemma 20 : recall we know A is contractible

so F a homotopy f : A✗{o, I]→ A C X st.

f-
◦
(x) = f (ko) = ✗

f-
,
(x) = f- (x

.
1) is constant

note f-
◦
= Fda where Fo = idx

so HET gives a homotopy F :X ✗Coil]→ ✗ extending f

since FtlA) CA for all t we get maps Ft : ✗la → ✗la

✗ ×

9 ↓ ◦ ↓ 't
✗1A¥ "A



also F
,
(A) = pt so F

,
also gives a map h : Ma → ×

✗ x

art for
✗la ✗1A

you can easily check hog = F, and q◦h=É

but now hog = F, ~ F. = I'd×
g. h=É~É◦= idxla ☒

back to computing Tin 's

recall by lemma 10 t.lk, xD acts on talk. %)

given [8) c- IT, IX. xo) and (f) c- E. (X
.%) let

✗

8. f- be
collapse ÷ ᵗ→%→

b. →

and [8] - (f) = [of]

exercise : this makes talk. e) a Tl
,
IX. xD -module

Thm_ 27 :

let • ✗ be a topological space , ✗◦ c- ✗

• f :2D^→ ✗ a map, yo c-Ñ and that = Xo
• ☒ = ✗ Uf D

"

= ✗ vD% where y c- JD
"

nfcy> c-✗

• i : ✗→ I the inclusion map



then I
*
: thx, xD → TIKI, -1J is an isomorphism
for Ken -1 and surjective for ten -1

with kernel the normal subgroup generated
by Cf] and H] -[ f] for all 8 c- IT IX. Xo )

Proof : given g : Sk→ I consider g- ' (intDn)

this is a smooth submfd of Sk so we can

isotop g to be smooth in some nbhd of

f- ' (p) somepe lit D
"
and then to be

transverse to p

so it k< n then f-
'

Ip) =∅ and

since D
"
-

p retracts to ZD
"

,g is

isotopic to a map with iisage in ✗

i.e. 7* is onto for h < n

similarly ifgo.gi.sk→ I are home topic
via H : sk✗ [on]→E and K < n - l

then we can bono top H to have image
in ✗

,
:
. 2* is injective for Kan -1

now for 1¥ : An - , (
×
,
xD → Tn-, II. Xo )

clearly [f) and [ 8) • [ f] in her 1¥

for all [8) c- IT (Xoxo )



so we are left to see [g) c- her 2*

is in smallest normal subgpgen by [H -H]

we know 3- G :D "→ I such that 612,59
↑ equivalent to g null-homotopic

as above, we can assume G-Yp) = {pi . . . pn}

let Ni be a nbhd of p, in
'

D
"

as above
,
GI
pn, ✓µ,

is homotopic to G
'

with

linage in ✗ and each boundary component
of (Dh Un;) -2 D") has linage equal
to linage(f)

6
'

MPD
"

_ ×

so 3- pi c- 2N; S.t. GYP, ) = ✗◦

let ✗
,
:[0,1] → D

"

\ UNi be path yo to pi

Pi o

EE..
claim :[g] = IT[G'◦ xp ] - 642Nd = TK :&

,
].[f]

indeed
,
note D

"

maps onto ④
"

\ UNI) YUin G'◦a)



( ④" \ UNI) YUin 6 :&) is D")

=

so § ] (11-[0%74])
"

≈ constant ☒-

Th 128 :

any topological space is weakly homotopy
equivalent to a CWampler

Proof : let ✗ be a topological space
(we can assume ✗ is path connected)

let ✗◦ C- ✗

Set % = { e°} and f-
◦
: Yo→ ✗ : e

◦

→ ✗
◦

f. induces an isomorphism on To

let ✗
, , . .

. , Xp :[◦it]→ ✗ generate it IX. xD
eh ei

Set Y!= You eiu . . . vein .e°
et

extend to to fi : Y
,

'

→ ✗ by &
,
on each e'i

clearly fi induces an isomorphism on In ,
n < 1

and surjective for n= I
let f. - - . Be generate the kernel of (f)* on FCK

'

)

so f.
'
◦fi :[o. I ] → ✗ is null -honotopic



and we have disks F; :D
'

→ ✗ s±

Fitz ☐
z
= f.

'
◦Pi

let Y
,
= Yiu é ? where Ei attached

via pi : Je!→ Y
'

extend fi to f. : Y
,
→ ✗ by Fi met

exercise : 414 , ed = 414 !e°Kp
, .
. . µ >

so f
, induces an isomorphism on % for n ≤ I

now let 4 . . .dk :D↳ Y generate TECX, xD

Set Yi = Y.ve?u...ei where each e: attached

= Y
,

V 1¥
, 5.) by constant map

and extend f
,
to fi : Yi→ ✗ by ✗

,
one?

clearly FL induces an isomorphism on In ,
n < 2

and surjective for n= 2

let B, _ . - Pe generate the kernelof fi on E

as above ftp..is trivial in
'

KIX, %)

so I F
,
:D
}

→ ✗ S.t. F
, ↳ 3

=

Pi

set Yi Yiu %) where E? glued to%
'

by Pi



extend fi to tz : Yz → ✗ by F, on e-is

using The 27 it is easy to see

f-
z induces an isomorphism on tn

,
n ≤ 2

continue by induction ☒

given an element (f) c- Th (Xoxo )

fish →✗

we can define hn( [f] ) = f-* (1) c- Hk ( X )

where 1 is agenerator of # Is
"
)±Z

this gives a well-defined 4nap-
check this ifnot obvious?

hn : TEDX, xD→ Hncx)

called the Harewicz map

lemma 29 :

hn is a homomorphism

Proof : [ f]
,
[g] c- The (X, xD

so f.g
i 5k → ✗

he [f) • [g ] is given by



collapse
g-,?⃝×• so c-

→ ④
a-

g. HUSH → Hklshvsk) = Hklsk) ⊕ Hklsk)
1- (1,1)

so h* (1) = (f*,g*) ◦↳ (1) =@
* , g.*
) ( 1

, 1) = f-* (1) +9*117

so hh (Cf] . [ g ] ) = hh([f ] ) + 4k6g]) My

Thm_ 30 ( Hurewicz The) :

if ✗ is path connected
,
then

for n > 1
,
it tnl ✗ 1=0 for Ken , then

hn : Tin IX ) → Hnlx) is an isomorphism

for n=1 Kerch
,
) = [ 4- (X)

,
FIX)]

Remark :D the says
if u > 2 is the first ns.t.tn 1×1=10

then 1%1×7--0 th <0 and tall ≈ Hand

2) similar that for EdX , A) if A is

simply connected



lemma 31 :

hn : Tin /Sh) → H Ish) we prove this
later

k

is an isomorphism

note : we finally know that This4 I€ !
and it g : Sk→sk they [9 ] c- ElS4 is degreeg

Corollary 32 :

hh : Tek Sk ) → Haly S4 = 2-

is an isomorphism

Proof : check tklvnsk) = -0in The Isn)

and HKIXVY ) I Hnlx )④Hult)

it the wedge point ✗ c- ✗ and yet

satisfy IX. x), (Yy) are NDR pairs
exercise : prove this but be careful

it is not true that Tn(✗ v4)E Tix)-5%147

( for example consider TE Is
'
v5)

its universal cover is ≈ 15) ☒-

Proof of Thʰ 30 (Hurewiczlhm ) :

we prove the theorem for CW complexes
(true forgeneral spaces, but harder)



let ✗ be a CW complexs.t.TK(X) = 0 then

her 23 says Tthlx) = 0 then

Th ' 21 says we can assume ✗
@ - "

= {e°}

so ✗
"

= V5
icy i

one for each
a- cell e:

:. the cellular chain groups are

Cnlx ) = ⊕ H e; are generators
I C-J

2%1--0 since Cn - , 1×7=10}

so Hnlx) = ↳
"%; 'w

:(
µ ,
(x)→ Cncx))

given P; :D
""

→ ×
"
an Intl ) - cell

,

recall 27s; is computed as follows

the c-J consider

Pi

215¥ s
"

✗
"
→ ,

→ s
"

Pi = project to 2+1 n - cell

Twp; = [ deglpipjei
it J

Thʰ 27
says Tin IX. e) = he ? I [ pj ] )



now hn : Tin IX.e) → Hnlx)

(e;] → ¢;)# = [e:]

so hh sends generators to generators see note

and hn ( Pj ) = hniT@g.ydegpioA.F
after lemma 31

= I deglpip;) hake?])

= -2 deg (pi
◦ p;) [e?]

so hn sends relations to relations

: .hn an isomorphisms

for n =L
,
since H

,
(X) is abelian we know

⇐1×1,41×3] Chen h
,
:
.
h
,
induces

Tn
,

: Fay
[Tick

, -11×1]
→ H

,
lx)

as above Tn
,
takes generators to

generators and relations to
relations

⇐⇒

Proof of lemma 31 : by 29 we know hh a homomorphism
let f : 54→ sk be the identity map

clearly hn( [f] ) = 1 C- Hk ( Sh)

So hh is onto

for infectivity we not hnl[f] ) = f-* (1)

but the definition of deg (f) is f-* (1)
so hh( [ f] ) = deg (f) for f- :Sk→Sk



how suppose hn( [f] ) = 0 2€ deg f- =0

we need to show f- is homo topic to

a constant map

we do this by induction on n

recall
,
in Alg Top I we compute It, (5)EZ

and h
,
! IT
, (5) → His

') is an isomorphism
so base case done

nowgiven fish → Sk st. deg f = 0

we can homotop f untill it is smooth

and take a regular valve p off
so f-

'

(p ) is a finite number of PB ×
, ,

_ . -Me

at each ✗
i , dfx;

either preserves or

reverses the orientation on Sk

set scx, ) = {±; dfx
,
preserves or a

dfx
,
reverses or

-n

from Alg Top I we know

deg (f) = É said
2=1

so we can pair the points

from Diff: Top. we know that since dfx
,

is an

isomorphism , that t is a diffeomorphism



from a nbhd of x; to a nbhd of p
so we can choose a small enough nbhd N

of
p s± f-

'

(N) = UNi whee Ni are

nbhds of xi and they are disjoint
let ✗i be disjoint arcs in 5h ✗ {e. I ] set

.

22
; is a pair of ×; in 5

"
✗ {e}

with opposite sign and
int tic Sk ✗ (E

,
1)

and all xj are end pts of some ✗

z.sk£ '

I.
O E I

let Ti = ✗, xD
"
be a ubhd of a;

S.t. Ti risk ✗ { ED = the nbhds N, of 2 Li

Ti

a

let p
'

E 2N and p,
C- ZNJ S.t. f-(B) =p

'

Consider 5h
- '

✗ [on ] §
Part of 2T;



let A be an arc in 5h- '✗ {on]
from P, to Pm

use f- to define a function

⑤
- '
✗ { o, B) UA ÉZN = Sk - '

t
constant =p

'
on A

this gives a mop f-
: Sk - '→ sk

- '

ON

collapse

Ex → a ±
=

since F/
shy, go}

is a orientation reversing dcfteo and

F1
Sh -'✗ { i} i ' Ii preserving diffeo

we know deg f- = 0

so by induction f- is null- homotopic

i. we can extend f- to a map
F- : Dk→ 2N

with F- lzph = f-

we can use F- toget a mop from

Sh - ' ✗ { on] 2N

( note § - ' ✗ [o
,
D) \ A =D

"

)

now f- I
µ
,

and É give a map



from 2 Ti → N= Dk
"

girl

but any map
from 2 Dk →Dk can be

extenddad to a mop
Dk→Dk

(since it is null- homotopic)

note this mop takes
2 Dk ✗ {oil] to 2N

we now have a mop defined on
Nl = shxf.ae ] u@ To) % Sk

o E I

5 %
,

Ish

.
k.tl↳ fcx)

2M = (Sh ✗ to}) u Y and G (4) a Sh- {p}

since 5h- {p } ≈ pt Gly is honotopci
to a mop
constantly p

"



let 4×6 . '] be a nbhd

of Y in (sʰx)-M
can extend G over Yx @i ] by the

above homotopy
and then over rest of 5h ✗ [at]

by sending everything to p
' '

this gives a homotopy off to
a constant map Ett

lemma 33 :

If it, 1×7=1 and f : ✗→ Y induces an Isom

Hnlxl → HWY) then

then it induces an is on

that → EdY) fk < n

and is onto for k = n

Remark : also true with Tin , Hn interchanged.

Proof : let G- be the mapping cylinder off

Y→ Cf is a retract of Cf so,
tkccf ) = % (Y ) and Hac4) = TINCH the



1- inclusion ii. ✗→ Cf SI.

✗ Cf

¥ ¥ j
so 2✗=f via j

exercise : Cf and ✗ simply connected
⇒ IT

,
/Cf , X) = 0

1-1,1×1 It
,
/4)→ HIGH → He ,l✗) He ,CY)

Thi ↑ hi ↑ hi ↑ 4- i ↑ 4-i

IM ¥ THY)→ THE,✗)→%, (X) Ealy)

exercise : diagram commutes ( only nontrivial
one to check is 3ʳᵈ square )

f-
*
an isomorphism for top row with 2 ≤ a

⇒ Hilcf , X) = 0 for a ≤ n

relative Hurewicz ⇒ it (Cf , X) = 0 for e ≤n

⇒ f-
*
it
,
(X) → Tf (4) an Dom 2 < n

and surjective for a --n☒-
The34 :

H X
,
Y are simply connected CW complexes

and f : ✗→ Y induces an isomorphism
f-
*
: HalH→ HWY) Hk

then f- is a homotopy equivalence



Proof : lemma 33 says f induces an

isomorphism on th for all k

so Whiteheads
' Th' ( Tha 25) says

f- is a homotopy equivalence ☒t

given a group IT and a positive integer
ns.t

.
IT is abelian if n > 1

Then a topological space ✗ is an
Elias berg -MacLane space of type
( Tin ) or sinply a kit, n ) if

Tbd X ) = {
° k≠n

IT k = n

example :

s
'

is a 14-4^-1

indeed it, Is
' )=Z and by Thʰ 18

thts 't E TWIN = o th > 1

That35

given any group and integer as above
7 a CWcomplex that is a kit, n )
and it is unique upto homotopy

Proof : assume u > 1 (exercise : do n = 1 case)



let {✗, }ie± be a generating set for IT

set I = o -cell u {e? }
, c. ± :

= V Sn
-

⑤
1 C-I

talk ) = 0 then and

Tin (F) E Hn 1×7=+0 Zsei > by Hurewiiz
IfI

let { rj }; ey be relations for IT

for each rj , 3- a map f; :S
"
→ I}

exercise if
not clear

S.t. r
;
= [f;] c- T.li)

since Ñ is simply connected, Thʰ 27 says
attaching EY

'

to I with f. : 2g?
+ '

→ I

will add the relation r
; to Tin

(also all Tk
,
Ken

,
are unaffected)

so if I = Ku {ej
"} using the fj

0 k < n
then tklx ) = {IT k=n

now Tim ,
(F) is generated by so elements

gi :S
"'

→ I

add nez cells to I using 9; to get
Ñ

now tklx) = {
° K - n, k=n+/

IT k=n



inductively kill Tin for k > n to get Kit, n)

to show uniqueness up to htpy equivalence
let X

,
Y be two CW Kltin)s

it we can construct a map f :X→ Y

inducing an isomorphism on all The

then we are done by Whitehead's Th
"

the construction of f is exactly like

in the proof of following That 4¥

ThM-36 :

If ✗
,
Y are connected CW complexes and

✗ is a KIT
.
1)

then 3- a one-to-one correspondence
⇐%)

,
IX. ✗7)

◦

Homily
. 41,1T, IX.✗d)

a connected space with The
0 the ≥ 2

is called a-spherical
Proof : we assume X" = {×. } , Y

"
= {% }

clearly if (f) c- [4.x]◦ then

f-
*

: -14 (Y, %)→ Ticket is

a homomorphism



Clavin : this
map is onto

indeed
, given 4:41Y)→ 41×1

we will inductively build a map
f- : Y → ✗ set

.
f-
*

= h

on the o- skeleton map is obvious

f- ( yo ) = ✗o

each 1- cell e
'

in Y is a loop, [e ' ] c- IT
,
(4)

so h (Ce ' ]) c- IT
,
IX)

let 8 c- h ( [e' ] ) so 2 :[0.1 ]→×

define f- on e
'

by 8
this extends f- to Y " '→ ✗

given a 2- cell ez in Y
"

2e2 is a loop 7 in Y
" '

and [ Y] = o c- Tf ( Y)
t since bounds e 2

so [fly D= HIM ]) = 0 in Ti
, (x)

i. f (7) bounds a dish F : → ✗

in ✗

use F to extend f over e2

this extends f over Y
"
→ ✗



now inductively assume f is

defined Y
"
→ ✗

assume ek
"

is a drei) cell in Y
@ +"

2 eht ' c yal

so f- ( Zeke
') is a h- sphere in ✗

since EdX) -0 1k > 1) we know

this extends to a ked -dish

ze
. 3- F : Dht '→ ✗ SI

.

F CZDK") = f- (Jent)

use F to extend f- over ekt
'

i. we can extend f- over Y
#"
→✗

we now have f- : Y→ ✗ and f-
*
and

h act the same on the generators
of it

, IY) (ne. on loops in Y
"')

:
. f-
*
= h and our mop onto

claim : map is injective

suppose f,g : Y→ ✗ induce same

mop it (4) → Til ×)

consider the CW Str on Yx [on]



for each e- cell ei of Y get
2 2-cells of Yx Coil]

e' ✗ {o } and e'✗ { 17 and

1 ¢+1 ) -cell h il

et = e'✗ [0,1 ) attached in
"obvious way

s
'

C'✗ [on])
"'

• •

e
'

• e°

(51×80,1))
"

• - ••

@
◦

Hoi]

e' ✗ { o} e'✗ Ii }

Is 'xkÑ
'

•

, / , , ii.
•

É = e' ✗ [oil]

define H : 4×8,13→ ✗ by
f- on 4×10}

gon Yxi }
✗◦ on e° ✗ [oil]

now inductively define ooh Ñ



for E
'

in (Y ✗[oil])
"
note

← go backwards

2 E '
= @

'

✗ {◦3)*¢ :[◦D) *@
'

✗ { B) *@
'

✗ {D)

50 It ( 2E
') = fte) ☒ ✗

☐

*

g (e)
* %

≈ ⇒ *glee)

and this is 0 in ITCX)

so I a disk D2 in ✗ with

boundary Hcaé)
extend it over E

'

using D2

so H defined on [on])
"

con extend H over higerskekta
just like above

☒


